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Comparison of Temporal and Spatial Direct Numerical
Simulation of Compressible Boundary-Layer Transition

Yan Guo,* Leonhard Kleiser,^ and Nikolaus A. Adams*
Swiss Federal Institute of Technology, CH-8092 Zurich, Switzerland

Two models are used in the direct numerical simulation of transitional boundary-layer flows, the spatial model
and the temporal model. The spatial approach is the closest realization of a transition experiment but is significantly
more expensive than the temporal approach, which employs a local parallel flow assumption in its formulation.
Because of the parallel flow assumption, a temporal approach cannot take into account the nonparallel effects
of boundary-layer flows properly. The consequence of this defect has never been addressed adequately. In this
study, the results from various temporal approaches are compared extensively to those obtained by our two
newly developed spatial direct numerical simulation codes for nonlinear subharmonic transition and oblique wave
breakdown at Mach numbers 1.6 and 4.5. A recently developed new temporal approach that can include some
nonparallel effects in the computation is also introduced. The use of our new formulation is essential in obtaining
quantitative agreement with the spatial approach at high Mach numbers, whereas the standard temporal approach
does not give satisfactory results.

Nomenclature
CT - frame speed
E = total energy
k = wave number
MOO = freestream Mach number
p = pressure
Re = Reynolds number
T = temperature
u,v,w = velocity components
a = streamwise wave number
ft = spanwise wave number
K = ratio of specific heats
p = density
o) = angular frequency

I. Introduction

R ECENTLY with the vast increase of computing power, direct
numerical simulation (DNS) of transitional boundary-layer

flows has become a valuable tool providing databases for model-
ing transitional and turbulent flows. This is especially important for
high-speed boundary-layer flows, where experimental approaches
have encountered enormous difficulties in obtaining detailed infor-
mation about the transition process and turbulent quantities. In this
study, our recent efforts toward DNS of transition in compressible
boundary-layer flows are outlined. Attention is given to the compar-
ison of the two DNS approaches, the spatial and the temporal DNS.

In the DNS of a transitional boundary layer, the computational
domain is usually a truncation of the physical domain, as is shown
by the dashed lines in Fig. 1. We designate x as the streamwise
direction, y as the spanwise direction, and z as the wall-normal di-
rection. The boundary-layer thickness 80 increases in the streamwise
direction. Currently, two approaches are used in DNS: spatial DNS
(SDNS) and temporal DNS (TONS). In an SDNS, inflow bound-
ary conditions are prescribed, and the flow develops spatially in the
streamwise direction. This is the closest numerical realization of
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a transition experiment. Because of the difficulties in finding ap-
propriate inflow and outflow boundary conditions at the domain
truncation planes, the computational box is usually quite long in the
streamwise direction (typically several dozen wavelengths of the
primary instability waves at high Mach number). This requires very
large computing resources. So far, except for a few cases,1'2 SDNS
has been limited mainly to the earlier stages of the transition.3"6

Because the development of boundary layers in the streamwise
direction is rather slow in comparison to that of an instability wave, a
local parallel flow assumption is often made, and the inflow/outflow
boundary conditions are replaced by periodic boundary conditions.
This is a TDNS approach (compare Ref. 7). Because the flow is as-
sumed to be periodic in the streamwise direction, the computational
box can be very short (one or a few primary instability wavelengths)
and Fourier spectral schemes can be used in this direction. Thus, the
TDNS is a highly efficient approach. Using this approach, the DNS
of a complete subharmonic transition process from laminar to tur-
bulent boundary layer at M^ =4.5 has recently been performed by
Dinavahi et al.8 and Guo et al.9 For other recent work on compress-
ible boundary-layer transition, readers are referred to Refs. 10-16.
To study the effect of a growing boundary layer on instability waves
and transition, the computational box can be moved downstream
at some speed cj, which is usually chosen to be close to the group
speed of the instability waves, and the boundary-layer grows in time
(compare Spalart and Yang17). For convenience, we refer to Spalart
and Yang's approach17 as the standard TDNS approach in this study.

One drawback of the TDNS is its inability to take into account
the nonparallel effects resulting from the use of the'parallel flow
assumption. To our knowledge, the accuracy of the TDNS for non-
parallel boundary-layer flows has not been adequately addressed.
No thorough comparison has been carried out between TDNS and
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Fig. 1 Sketch of the computational domain of a growing boundary
layer.
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SDNS for these flows. Our recent experience with the TDNS has
shown that a direct application of the standard parallel flow formu-
lation to supersonic/hypersonic boundary layers is not satisfactory.
Considerable discrepancies were found in the growth rates of the
instability waves between this approach and other sources, e.g.,
parabolized stability equations18 (PSE) and SDNS. Thus, there is
a need to improve the effectiveness of the TDNS for nonparallel
flows.

In Guo et al.,19 we have developed a new temporal approach that
can model some nonparallel effects of boundary-layer flows. Initial
comparison between this approach19 and PSE18 or SDNS4'6-19 has
shown a significant improvement of this approach over the standard
TDNS. But because of lack of our own SDNS results for nonlinear
stages of transition at high Mach numbers, the comparison was
limited to either linear stages of transition or weakly nonlinear stages
at low Mach numbers. Recently, we developed two SDNS codes,
which make possible the quantitative comparison between various
TDNS and SDNS approaches for nonlinear stages of transition at
various Mach numbers. In the present study, in Sec. II we first briefly
outline the new TDNS approach developed by Guo et al.19 Features
of our two SDNS codes are reported in Sec. III. In Sec. IV we
present extensive comparison between various TDNS and SDNS
approaches for nonlinear stages of transition at Mach numbers 1.6
and 4.5. Discussions and concluding remarks are given in Sec. V.

II. Modeling Nonparallel Effects in Temporal DNS
In a TDNS, one primary concern is the use of periodic inflow and

outflow boundary conditions, which allows us to employ Fourier
spectral schemes (and a small computational box) in the streamwise
direction. There is no need to invoke a parallel flow assumption,
which originated from the early linear stability theory for boundary-
layer flows (compare Lin20). After identifying this limitation of a
TDNS approach, we have developed an approach19 that allows us to
model nonparallel effects in the framework of a TDNS. The basic
idea of this approach is as follows. Suppose we can approximate a
nonparallel flowfield u(x, y, z, 0 by a truncated series

«(*, y, z, 0 w MO .+ ui€(x)1 + u26(x)2 + - - • + «„€(*)"' (1)

where 11, [== M,(JC, y, z, 0» * == 0, 1,...., n] are periodic functions
in the x and y directions and 6(x) is related to the slow variation of
the flow in the x direction. Then we can reformulate the governing
equations in the function space €i (i = 0,1, . . . , ri) by substitut-
ing Eq. (1) into the Navier—Stokes equations, yielding one set of
equations for each i. The unknowns in these equation sets are M,
(/ = 0, 1, . . . , n), and conceptually a conventional TDNS code can
be modified to solve these sets of equations. In Guo et al.19 we have
shown that expansion (1) exists for transitional boundary-layer flows
when the wavelengths of the instability waves under consideration
are not too long and their frequencies are not too small. For more
details of this approach refer to Guo et al.19 In this study, we refer
to this approach as the extended TDNS approach.

Because of the complexity of this approach for a compressible
boundary layer, only the first set of equations in the space €(*)° is
considered, which has the form

BU dE dF 3G
-77 = T- + -r- + -T- +'Zi +Z2 +Z39t 3x dy dz (2)

The vector U is the solution vector defined by U = (p, pu,
pv, pw, E)T. The total energy E is defined by E = P/(K — 1) +
p (u2 + v2 + tu2)/2. Here the freestream quantities are used to nondi-
mensionalize Eq. (2). The reference length is the displacement thick-
ness <5* of the undisturbed laminar basic flow at the reference posi-
tion given by the respective Reynolds number Re. The pressure p
is related to the temperature T by a perfect-gas law, picM^ — pT.
Sutherland's law is used for the viscosity calculation. The vectors
E, F, and G are the flux vectors in the streamwise, spanwise, and
wall-normal directions, respectively. They resemble the standard
compressible Navier-Stokes equations (in conservative form). The
additional terms Zi, Z2, and Z^ come from our new formulation and
are fully explained in Guo et al.19

The TDNS code developed by Adams10 has been modified to
solve Eq. (2). It employs a Fourier collocation method in the stream-
wise and spanwise directions, and a sixth-order compact central
finite difference (Pade) scheme in the wall-normal direction. No-
slip conditions for the velocity and isothermal conditions for the
temperature are used at the wall. At the upper truncation plane,
nonreflecting boundary conditions are implemented. The solution
is advanced in time explicitly by a third-order Runge-Kutta scheme.

in. Spatial DNS
To quantify the performance of our extended TDNS approach for

nonparallel boundary-layer flows, we have recently developed two
SDNS codes.21'22 In this section, we outline some basic features of
these two codes. Attention is given to the correct specification of the
inflow and outflow boundary conditions, since this issue is especially
important for high-order schemes where the numerical dissipation is
very low. Improper treatments of inflow/outflow conditions usually
lead to unacceptable wave reflection problems.

A. Finite Difference Approach
Our first code21 employs a sixth-order Pade scheme in the stream-

wise and wall-normal directions. A Fourier collocation scheme is
used in the spanwise direction, since the flow can be assumed to be
periodic in this direction. Time advancement is achieved by a low-
storage third-order Runge-Kutta scheme. Grid stretching is used in
both the streamwise and wall-normal directions. The wall condi-
tions and the boundary conditions at the upper truncation plane are
the same as those used in our TDNS codes.

A characteristic inflow boundary condition is employed at the
inflow boundary. To enforce prescribed disturbances with large am-
plitudes at the inflow boundary, the flowfield is first decomposed into
three parts: the given laminar basic flow, the prescribed perturbation,
and the remaining part. We refer to this part as the residual distur-
bance. At the supersonic section of the inflow boundary, the residual
disturbance part can be assumed to be zero, and all of the variables
of the basic flow and the prescribed perturbation are imposed. At
the subsonic section, the basic flow and prescribed perturbation are
imposed while a characteristic boundary condition23 is applied to
the residual disturbance part, which allows the out-going waves to
pass the boundary with minimum reflection. This splitting is quite
important, since it allows characteristic boundary conditions to be
applied to the residual disturbance only. The advantage of this inflow
treatment over the one in Poinsot and Lele23 is that this treatment al-
lows us to correctly enforce the prescribed perturbation at the inflow
boundary without any visible wave reflection.

At the outflow boundary, three treatments have been implement-
ed: characteristic-based boundary conditions (compare Ref. 23), a
buffer domain approach (compare Ref. 24), and a sponge layer ap-
proach (i.e., a damping function approach; compare Refs. 25-27).
The effectiveness of these boundary treatments is tested by simu-
lating two- and three-dimensional instability waves and comparing
the results with those of linear stability theory28 (LST), PSE,18'24

and other SDNS codes.22'24

Figure 2 shows the growth rates of a second-mode wave (Mack
mode29) in a parallel basic flow (M^ = 4.5 and T^ — 61.15 K),
obtained with different outflow treatments. We choose Re = 8000 as
the reference Reynolds number and the corresponding displacement
thickness 5* as the reference length. The similarity solution of the
compressible boundary-layer equations10 at x = 100 is used as
the parallel basic flow in the computation. The streamwise wave
number of the second mode is a = 1.942, and the frequency is
CD = 1.766. The spatial growth rate from LST is 2.504 x 10~2. To
study the performance of the outflow treatments, we use a rather high
resolution in the streamwise direction, 20 points per wavelength.
The number of time steps per period is around 150. Note that the
growth rate is one of the most sensitive indicators of any numerical
error, inflow/outflow boundary coupling, or wave reflection. The
local growth rate is calculated (using a central difference scheme)
from the local maximum of the quantity uky (x,z,t) — <$o*yw taken
at z = 0.374 within one period. Here, <5o*y = 0 for ky ^ 0, u is the
streamwise velocity component of the basic flow, and Uky(x, z, t)
is the spanwise Fourier mode with the spanwise wave number ky.
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Fig. 2 Spatial growth rates of a two-dimensional wave in a parallel mean flow calculated with different outflow treatments: a) characteristic boundary
conditions, b) characteristic boundary conditions and sponge layer, c) buffer domain, and d) buffer domain and sponge layer. ——, energy; ——,
H|Z=0.373555 and-—,LST.

The energy growth rate is calculated in a similar way but from the
kinetic energy contained in the spanwise Fourier mode:

Z

..
dz (3)

The local growth rates calculated from pky (x,z,t),wky(x,z,t), and
Tky (x, z, 0 are quite similar to those of uky (x, z, t) and, therefore,
are not shown in Fig. 2.

In all cases, there are small transients shortly after jcin. This is
expected since the eigensolutions from LST are not solved in the
same manner as in our SONS (e.g., different formulations, numeri-
cal methods, and grid points). Farther downstream, the growth rate
approaches that of LST. Near the outflow region, the growth rate
experiences rather large fluctuations. These are limited to the out-
flow region, and they do not affect the solution upstream.

In Figs. 2a and 2c, there are small pulses traveling downstream
throughout the entire domain. Our further study confirms that these
pulses are a result of the inflow/outflow boundary coupling. In the
case of characteristic outflow boundary conditions, the coupling is
always present, and the amplitudes of the pulses depend on the num-
ber of grids per wavelength. The more grid points per wavelength,
the smaller the pulses are. In the case of the buffer domain approach,
the pulses also depend on the design of the buffer domain. This con-
firms the observations of Joslin et al.3() and Liu and Liu.31 However,
how the buffer domain affects the results has not been extensively
studied, due to the rather high computational cost.

When a sponge layer is added to the outflow region, the results
(shown in Figs. 2b and 2d) are significantly improved. The small
pulses present in Figs. 2a and 2c are no longer observed. The eigen-
values match those of LST up to five digits in both cases. It appears

that two outflow treatments perform best: characteristic boundary
conditions combined with a sponge layer and a buffer domain ap-
proach plus a sponge layer. The use of the sponge layer is indis-
pensable. These treatments are better than those that use only char-
acteristic conditions23 or the buffer domain approach alone.24

B. Spatial Window Approach
In almost all SDNS approaches, the computational box is a simple

truncation from the physical domain. In a sense, this procedure is
equivalent to using a rectangular window function defined by

w(x) =
1 * € [*in,*out]

0 otherwise (4)

to sample the flowfield in the streamwise direction. In a more general
case, a window function of the form

-{ w(x) x e [x-m,x(

0 otherwise (5)

can be used. Here w(x) is a smooth function in [x-m, *out]. If the
window function is applied, the governing equations in the compu-
tational domain take the following form:

dw- —E (6)dx
3wU dwE 3wF 3wG

+ -r- + -T— +3t 3x 3y 3z
where the terms E, F, and G have definitions similar to those in
Eq. (2). The term Z is the forcing term used to enforce a prescribed
laminar basic flow (compare Guo et al.22). When a rectangular win-
dow function, i.e., w(x) = 1, is used, the standard Navier-Stokes
equations are recovered from Eq. (6).



686 GUO, KLEISER, AND ADAMS

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0.0
0.0 0.2 0.5

x
0.8 1.0
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It can be shown that Eq. (6) can be solved efficiently by Fourier
spectral methods in the streamwise direction if the window function
w(x) is properly designed. Motivated by this observation, we have
developed a spatial window approach, which solves Eq. (6) using a
modified TDNS code.22 It can be shown that the accuracy of such
an approach depends only on the window function w(x) itself, and
window functions that yield exponential accuracy can be designed.
Figure 3 shows such a window defined by we(x) = io~a"(2x~1)n,
x e [0, 1] with a = 1.3 and n = 10. We refer to this window as an
exponential window, since its spectrum decays exponentially. The
value of e = uv(0) = we(l) is referred to as the window truncation
error. For the exponential window in Fig. 3, 6 = 1.63739 x 10~14.
Also shown in the figure is a Hanning window of the form WH(X) =
0.5 [1 — cos(27rjc)], x e [0,1]. This window has been widely used
in digital signal processing for many years.32'33

The use of a window function raises some special issues. For ex-
ample, because of the nonlinearity in the flux terms and the last term
in Eq. (6), the vector U is required explicitly at each Runge-Kutta
intermediate step. This requires the recovery of U from w(x)U. We
refer to this process as dewindowing. For any window function that
gives exponential accuracy, the information about U cannot be re-
covered numerically from w(x)U in the neighborhood of *„, and
jcout, since w(x) -> 0 at JCin and jcout. We denote these two regions as
[*in, *in)and OCt» *0ut]-In the inflow region [jcin, jc^), the prescribed
disturbance can be used for U. In the outflow region (*"><, jcoutL U
is unknown and special treatments must be employed. In Guo et
al.,22 a smooth function is used to reconstruct U from w(x)U. To-
gether with a sponge layer in the outflow region this approach has
been shown to perform satisfactorily, with no visible inflow/outflow
boundary wave reflection. Note that in the useful domain [jc^, ;c ,̂t],
the window function w(x) is not required to be 1. Also any type of
grid stretching in the streamwise direction is allowed, which is con-
sidered to be important in the SDNS of boundary-layer transition.5

C. Validation of Spatial DNS Codes
Figure 4 shows the spatial growth rates of a linear second-mode

wave with ot = 2.0625 and a> = 1.836 at M^ = 4.5, T^ = 123 K,
*r = 1.4, and Pr= 0.72. The reference Reynolds number is
Re— 12,000. An eigensolution from LST is used as the distur-
bance in the inflow region. The magnitude of the disturbance at jcin
is around 1.0 x 10~4. In the computation of the window approach,
the resolution is 10 grid points per wavelength in the x direction
and 121 points in the z direction. An exponential window function
with n = 10 and a = 1.258 (e = 1.18376 x lO"10) is used. In
the computation of the finite difference approach, the resolution is
14 points per wavelength in the x direction and 121 in the z di-
rection. Also given in Fig. 4 are the results obtained by Bertolotti
(private communication, 1993), using a PSE approach. The results
from the three different approaches agree with each other very well,
considering that the growth rate is rather sensitive to any numerical
error. Excellent agreement is also found in the amplitude functions
of velocity components and temperature.
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x
Fig. 4 Spatial growth rates of a linear second-mode wave at MOO =
4.5, obtained with different approaches: o, FD approach; +, window
approach; and ——, PSE.
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Fig. 5 Temperature amplitude maxima of a nonlinear second-mode
wave as a function of the streamwise distance; only the primary wave
and its first two harmonics are shown: o, FD approach and ——, window
approach.

We have done some numerical tests of the accuracy of the two
codes. For the FD approach, we find that it is necessary to use 12
points per wavelength in the x direction to resolve a weakly am-
plified (or damped) wave. This is in agreement with the experience
reported by Pruett et al.5 on a sixth-order Pade scheme. In the win-
dow approach, we find that 7 points per wavelength already give
satisfactory results. Generally, the window code needs 15% more
computation time per grid point than the FD code. Thus, we can
conclude that our unconventional window approach is at least as
competitive as the sixth-order Pade scheme.

In our second test, a nonlinear two-dimensional second-mode
wave with CD = 1.76 is computed. The flow parameters here are sim-
ilar to those in Fig. 2, except that the amplitude of the streamwise
velocity of the two-dimensional wave is about 1% of the freestream
velocity, and the basic flow is nonparallel. To make the compari-
son between the two SDNS codes, the computation of the nonlinear
second mode was first carried out using the window approach. It
used 18.5 grid points per wavelength in the streamwise direction
and 161 grid points in the wall-normal direction. Then the flow
quantities sampled at x = 111 were used as the inflow conditions
in the FD approach. The resolution used in the FD approach is 32
grid points per wavelength in the x direction and 161 grid points
in the z direction. Figure 5 shows the streamwise evolution of the
temperature maxima of the primary wave (1,0) and its first two
harmonics. According to our accuracy tests, the primary wave and
its first two harmonics should be well resolved in the window ap-
proach. In the FD approach, the primary wave and its first harmonic
are well resolved, and the second harmonic (3, 0) is marginally re-
solved. In Fig. 5, we can see that the agreement between the two
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Fig. 6 Temperature amplitude functions of the nonlinear second mode
in Fig. 5 at AC = 126.191 on a logarithmic scale: o, FD approach and ——,
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Fig. 7 Spatial growth rates defined by kinetic energy for a linear second
mode at MOO = 4.5: ——, extended TDNS;——, standard TDNS; and
o, SDNS.

codes is excellent also in this nonlinear test case. The corresponding
amplitude functions at x = 126.191 are shown in Fig. 6. Again very
good agreement between these two codes is observed.

IV. Numerical Results
A. Linear Waves

Having developed both TDNS and SDNS tools, we are ready to
carry out a comparison study between TDNS and SDNS. Figure 7
shows the spatial growth rates obtained by our TDNS and SDNS
codes for a linear second mode at M^ = 4.5. The flow parameters
are similar to those in Fig. 5. A similarity solution of the compress-
ible boundary-layer equations is used as the laminar basic flow in
all computations. In the SDNS, the frequency of the second mode
is co= 1.76, and the window approach is used. In the extended
TDNS, the streamwise wave number is a = 1.942, and the frame
speed is CT = 0.815, which is the average group velocity of the sec-
ond mode. We can see that after the initial transient the results from
the extended TDNS are quite close to those from SDNS. The results
from the standard TDNS are unacceptable. More examples of linear
two- and three-dimensional waves at different Mach numbers can
be found in Guo et al.19 In the present study, we concentrate on the
computations of the nonlinear stage of transition.

B. Oblique Wave Breakdown at MOO =4.5
It has been shown that at high Mach number (M^ > 3), the tran-

sition toward turbulence may take two paths: subharmonic reso-
nance transition and oblique wave breakdown (compare Adams and
Kleiser11). The first route is the result of a secondary instability
mechanism of the two-dimensional second-mode wave, which be-
comes most unstable at high Mach number. Since the instability

-8.0
150.0

Fig. 8 Maxima of the amplitude functions of the leading modes in a
logarithmic scale, obtained by the extended TDNS and SDNS, spatial
window approach: o, (2,0); D, (1,1); 0, (0,2); A, (3,1); <, (1,3); V,
(0,4); >, (4,0); +, (4,4); and • • -, SDNS.

domain of the second-mode waves is rather narrow, the most unsta-
ble first-mode waves, which are oblique waves, may still have larger
growth, and the weakly nonlinear interaction among these oblique
waves may lead to the transition. The transition of this type is re-
ferred to as an oblique wave breakdown (compare Thumm et al.6).
In this section, we first investigate the oblique wave breakdown
route at M^ =4.5. The flow parameters are similar to those in
Adams and Kleiser11: M^ = 4.5, 7^ = 61.15 K, Re = 10,000,
and Pr = 0.7. In the computations of both SDNS and TDNS, a pair
of oblique waves are used to disturb the laminar basic flow. The fre-
quency of the oblique wave is CD = 0.3878. It has a spanwise wave
number of fi = 0.83 (oblique angle ^r = 60 deg). In the extended
TDNS, the streamwise wave number is chosen to be a = 0.48. The
frame speed is CT = 0.82, which is the average group velocity of
the oblique waves.

Figure 8 shows the streamwise development of the leading modes.
In the SDNS, the amplitude of the streamwise velocity component
of the oblique waves in the inflow region is 1.5% of the freestream
velocity, and the spatial window approach is used. In the TDNS, the
initial amplitudes of the oblique waves are adjusted to match those
in the SDNS. It can be seen that except for the spanwise modes
(0, 2) and (0,4), all of the modes from the extended TDNS agree
very well with those from the SDNS when x > 50. In x < 50,
the two approaches have different transients, which lead to slightly
different solutions. The relative large discrepancies in modes (0, 2)
and(0,4) may be a result of the fact that the frame speed in the TDNS
is significantly larger than the group velocities of these spanwise
modes, which are typically in the range of 0.4-0.6. Thus, the spatial
growth of these spanwise modes is underestimated in the TDNS.
More discussion on the treatment of spanwise modes in the TDNS
can be found in Guo and Adams.34

The comparison between our two SDNS codes is shown in Fig. 9.
Note that the initial amplitudes of the primary oblique waves are not
the same in the two SDNS codes. This difference is translated into
discrepancies between the results of the two codes, especially in
the higher modes. Note that the transition process is very sensitive
to the initial amplitude of mode (1,1). One way to obtain a good
comparison is to use the solution from one code as the inflow dis-
turbance in the other code, as has been done in Fig. 5. Since this
process is rather tedious, we did not pursue this approach here.

Figure 10 shows the results from the standard TDNS approach,
in comparison with those from the window approach. It can be seen
that the growth pattern of the leading modes given by the standard
TDNS approach is quite different from that of the SDNS. Compared
to Fig. 8, one can clearly conclude that the extended TDNS approach
performs much better.

C. Subharmonic Transition at MOO = 4.5
The flow parameters used in the computations are identical

to those in the oblique wave breakdown. A two-dimensional
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Fig. 10 Comparison between standard TDNS and SDNS: ——, stan-
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second^mode wave with finite amplitude was used to disturb the ba-
sic flow, and a pair of oblique waves were used to trigger the onset of
the secondary instability. The development of the secondary insta-
bility results in the rapid growth of the subharmonic waves, which
lead to transition. Both the two- and three-dimensional waves are
obtained from LST.28 In the SDNS, the finite difference approach
is used. The amplitude of the second-mode wave, mode (2,0), is
A2D = 4%, and its frequency is a> = 2.295. The oblique waves have
the spanwise wave numbers ft = 2.1, and amplitudes A3D = 0.8%.
The computational grid is 1150 x 8 x 100 (24 points per wavelength
in the x direction). In the computation of the extended TDNS, similar
second mode and oblique waves are used as initial disturbances but
with amplitudes adjusted to match those in the SDNS. The stream-
wise wave number of the second mode is a = 2.52. The oblique
waves have a = 1.26. The frame speed is CT = 0.82, which is
close to the average group velocity of the second-mode wave. The
computational grid is 12 x 8 x 140. Figure 11 shows the streamwise
evolution of the leading modes. It can be seen that the agreement
between the extended TDNS and SDNS is generally good. The ex-
tended TDNS has been able to produce a similar growth pattern
to that of the SDNS for all leading modes up to x = 100. For
x > 100, the amplitudes from the SDNS are generally smaller than
those from the extended TDNS. This may be partially because of the
insufficient resolution in the SDNS in the range x > 100. Our other
computations with the extended TDNS indicate that mode (0,4) has
reached a significant level at x = 110. This mode is not resolved
in the computation of the SDNS. Nevertheless, the agreement be-
tween the two approaches is considered to be good. Note that in this
example the usage of memory and CPU time in the extended TDNS
is at least 10 times smaller than that of the SDNS.

Figure 12 shows the comparison between the standard TDNS and
SDNS. In the TDNS, the amplitude of the primary oblique waves

0.0

-2.0

-4.0

-6.0

0.0 50.0 100.0 150.0
x

Fig. 11 Maxima of the amplitude functions of the leading modes in a
subharmonic transition at MOO = 4.5, obtained by the extended TDNS
and SDNS, finite difference approach: o, (2,0); D, (1,1); 0> (0,2); A,
(3,1); <, (1,3); >, (4,0); and • •., SDNS.

-8.0
50.0 100.0 150.0

Fig. 12 Comparison between the standard TDNS and SDNS for the
subharmonic transition case in Fig. 11: ——, standard TDNS and • • • • • ,
SDNS.

200.0 400.0 600.0

Fig. 13 Oblique wave breakdown at MOO = 1-6; maxima of the ampli-
tude functions of the leading modes on a logarithmic scale obtained by
the extended TDNS and SDNS, finite difference approach: o, (2,0); D,
(1,1); 0, (0,2); A, (3,1); <, (1,3); >, (4,0); and • • -, SDNS.

is adjusted in such a way that the amplitudes of the leading modes
at x = 110 match those of the SDNS. Again, we observe a quite
different growth pattern from the standard TDNS approach.

D. Oblique Wave Breakdown at MOO = 1-6
The parameters in this case are chosen to be close to those

of Thumm et al.6: M^ = 1.6, 7^ = 220 K, and Pr = 0.71. The
reference Reynolds number is chosen to be Re = 2500 in our
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x
600.0

Fig. 14 Comparison between the standard and extended TDNS for the
oblique wave breakdown case in Fig. 13: ——, extended TDNS and • ••• • •,
standard TDNS.

computations. The flow is initially disturbed by a pair of oblique
waves with <w = 0.125 and fi= 0.265. In the computation of the
extended TDNS, the streamwise wave number is chosen to be
a = 0.265, and the frame speed is CT = 0.56. The resolution is
12 x 12 x 120. In the spatial simulation, the finite difference ap-
proach is used and the resolution is 36 points per Wavelength in
the x direction, 8 points in the y direction, and 121 in the z di-
rection. Figure 13 shows the evolution of the maxima of the lead-
ing modes. The results from the extended TDNS agree very well
with those of the SONS. In comparison, Fig. 14 shows the re-
sults from the standard TDNS approach. Here, only a small dif-
ference between the standard TDNS and extended TDNS is ob-
served. At this low Mach number, both approaches give satisfactory
results.

V. Discussion and Concluding Remarks
A quantitative comparison study between temporal and spatial

DNS has been performed. This study shows that our extended TDNS
approach is able to produce simulation results comparable with those
of SDNS at high Mach numbers, where the standard TDNS approach
is not satisfactory.

There is of course the basic question of how to compare TDNS
results with SDNS results. In this study, the maximum of the am-
plitude function of a streamwise spatial Fourier mode in a TDNS is
compared with that of a temporal Fourier mode in an SDNS. This
is rather stringent, since any difference in the flowfield will give a
different composition of all leading modes.

One advantage of the extended TDNS is that it allows us to sim-
ulate the whole transition process from laminar to turbulent state
much more efficiently than an SDNS. In all our computations at
low resolution, the extended TDNS requires at least 10 times less
memory and CPU time than an SDNS does. At higher resolution,
an SDNS will become even more expensive.

Compared to a PSE approach,35 we have the following comments.
A PSE approach is generally more accurate and cheaper than the
extended TDNS for the linear and weakly nonlinear stages of tran-
sition, but it does not allow one to simulate the transition process
deep into the breakdown stage. The extended TDNS, on the other
hand, can give us reasonable results for the linear and nonlinear
stages and allows us to march through the breakdown stage and to
enter the turbulent stage. Thus, the extended TDNS can be viewed
as a valuable tool in the sense that it allows us to study a complete
transition process on today's supercomputers.
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